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Abstract 

We review recent progress [1] in the construction and classification of six- 
dimensional (1,0) superconformal models with non-abelian tensor fields. 
Here we solve the generalized Jacobi identities which are required for con- 
sistency of the non-abelian vector/tensor gauge system and we present a 
large class of explicit examples. 
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1 Introduction 



The understanding of six- dimensional superconformal theories in the context of multi- 
ple M5-branes is one of the pressing questions in M-theory. Already the mere existence 
of such higher dimensional non-trivial quantum field theories is an exciting result [2]. 
However, in general it is believed that an explicit understanding of such theories is out 
of reach. 

One problem in this context is the description of non-abelian tensor (two-form) 
gauge fields. For example, a no-go theorem states that there exists no non-abelian ex- 
tension of the abelian tensor gauge symmetry [3]. In [1] it was shown how to circumvent 
this problem in the context of a tensor hierarchy [4] by introducing additional form- 
degrees of freedom, in particular a non-propagating three-form. The other problem is 
that the supposed (2, 0) theory of multiple M5-branes is intrinsically strongly coupled, 
i.e. it has no free parameter for a weak coupling expansion which would make the ex- 
istence of a Lagrangian description or equations of motions plausible. This problem is 
analogous to the situation of M2-branes. Also in this case, and for the same reason, it 
was believed that a Lagrangian description does not exist. Nevertheless, for the isolated 
case of an 5*0(4) gauge group a Lagrangian description of a maximally supersymmet- 
ric three-dimensional Chern-Simons-matter CFT (BLG-model) has been found [5, 6]. 
Subsequently, a more general class of Lagrangian three-dimensional CFT's, with gauge 
groups of arbitrary rank, has been formulated in [7] (ABJM- models). The decisive ob- 
servation in the latter case is that by placing the M2-branes at an orbifold singularity 
instead of placing them in flat space one gains a dimensionless parameter which allows 
for a weak coupling limit and thus makes a Lagrangian description possible. The re- 
sulting CFT's have the same field content as a maximally, i.e. M = 8 supersymmetric 
theory but realize only M = 6 supersymmetry. From the field theory point of view 
this means that the reduced supersymmetry is less restrictive and therefore allows for 
a Lagrangian formulation. 

The present article is based on the findings of [l]whose the main idea is in the spirit 
of the ABJM-models: Instead of considering the maximal supersymmetric case with 
M = (2,0) supersymmetry one considers M = (1,0) supersymmetry, with eventually 
the same field content as the M = (2,0) theories. This led to an explicit dynami- 
cal description of superconformal non-abelian tensor multiplets through equations of 
motions or Lagrangians, respectively. Crucial in the implementation of a non-abelian 
gauge and tensor gauge symmetry was the construction of a tensor hierarchy of one-, 
two- and (non-dynamical) three-forms. The tensor hierarchy is formulated in terms of 
a number of invariant tensors of the to be determined structure group. Consistency 
of this gauge symmetry imposes several non-linear conditions on these invariant ten- 
sors, which represent generalized Jacobi identities. These conditions play an essential 
role also in deriving the dynamics from supersymmetry. Generically the dynamics is 
described by equations of motions only, but for a subclass also a Lagrangian formula- 
tion exists. Models defined by equations of motions but without a proper Lagrangian 
description might be still of interest and give upon dimensional reduction to five dimen- 
sions a Lagrangian dynamics with the correct inverse compactification radius behavior 
[8]. 

In the following we review the construction of [1] and in particular, we present 
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the general solutions to the generalized Jacobi identities for the case of semi-simple 
groups. We also discuss the resulting classes of = (1,0) superconformal models of 
non-abelian tensor multiplets. 



2 Non-abelian tensor fields in six dimensions 

2.1 Review of general non-abelian vector /tensor systems 

In this section, we review the results of [1] on the general structure of non-abelian vec- 
tor/tensor systems in six dimensions, based on the non-abelian p-form tensor hierarchy, 
as worked out in [4, 9, 10, 11]. We will be discussing gauge theories with field content 
given by the p-forms {A r ^, B^J , C^ vpr }, where the indices r and I label the vector and 
the two-form tensors, respectively. Anticipating six-dimensional dynamics with vector 
fields dual to antisymmetric three-form tensors, we use a dual internal index r to label 
the latter fields. 

For vector and two-form tensor fields, the full covariant non-abelian field strengths 
are given by 

J% = 2d [ ,A: ] -f st r A s ,K + h r I Bl u , 

U[ vp = 3D^ vA + 6^^1,8^- 2f„'tf„Al^A 9 A +g Ir C^ ltri (1) 

in terms of the antisymmetric structure constants f 8 t r = f[ s t] r , a symmetric ci-symbol 
d 1 rs = d\ rs ), and the tensors g Ir , h r j inducing general Stiickelberg-type couplings 
among forms of different degree. 2 The covariant derivatives are defined as D p = d p — 
A r ^X r with an action of the gauge generators X r on the different fields given by X r -A s = 
-(X r ) t s A\ X r ■ A 1 = -(X r )/A J , etc. The field strengths (1) are defined such that 
they transform covariantly under the set of non-abelian gauge transformations 

6A; = D,A r -h r jAl, 
AB 1 ^ = 2D [lM Ai ] -2d I rs A r ^ v -g Ir A llur , 
AC pvpr = 3D{pA up \ r + 3 b Irs + b Irs A s + . . . , (2) 

where we have introduced the compact notation 

AB 1 ^ = 5B I ^-2d I rs A\ fM 5Ai ] , 
ACp Upr = SCp Upr — 3 bj rs B^ v SA s p -^ — 2 bj rs d pq A^ A v v SA q ^ . (3) 

The ellipsis in the last line of (2) represent possible terms that vanish under projection 
with g Ir . The covariant field strengths (1) satisfy the modified Bianchi identities 



71 14 1 — -rl 1 T r V s -L -n Ir 14^ ( A\ 

±y [p, rL vp<j] ~ rj u rs •> \jiv> pa] ' rL pvpar i V*J 



2 We use canonical dimensions such that a p-form has mass dimension p and as a result all constant 
tensors f st r , d 1 rs , g Ir , h r i, are dimensionless. 



2 



where the non-abelian field strength Tipper r of the three-form potential is defined by 
the second equation. In turn, its Bianchi identity is obtained from (4) as 

D \pflvp<rr] r = ~ 2 b Irs F[pu tfxrr] + ■■■ , (5) 

where the ellipsis represents possible terms that vanish under projection with g Ir . We 
finally note that the general variation of the field-strengths is given by 

SJ=% = 2D [ ,8Al ] + h r I ABj lu , 
5ni up = 3DfrAB I vp] +6d I ra Jl l ,6A' p] +g Ir AC lu , pr , 
M$p. r = U^ACvrfr - 6 b Irs AB^ + 4 b Irs Hf^ 5A s a] + . . . , (6) 

again with the ellipsis representing possible terms that vanish under projection with g Ir . 

This vector /tensor gauge system is completely defined by the choice of the invariant 
tensors g Ir , h r i, bi rs , d rs , and f rs l . Consistency of the tensor hierarchy, i.e. covari- 
ance of the field strengths (1) requires that the gauge group generators in the various 
representations are given by 

{X r )s = {X r )s = — f r s + hb i d 1 rs , 

(X r )j J = (Xj) T J = 2d J rs h s j-g Js b Isr , (7) 

in terms of the invariant tensors parametrizing the system. Further constraints follow 
from closure of the algebra (or generalized Jacobi identities) 

[X r ,X s ] = —(X r ) s t X t , (8) 

and gauge invariance of the tensors d rs and bi rs : 

2(X r )( p s d 1 q ) s — {X r )j T d J pq = 0, (9) 
(X r ) p s b Isq +(X r ) q s b Ips + (X r )j J b Jpq = 0. (10) 

Using (7), (9) and (10) the generalized Jacobi identities (8) take the equivalent form 

h r ig Is = 0, (11) 
f Ta t h r I -d J ra h t jbr I = 0, (12) 

f[pq U fr]u S — -^h S I d I u [pf qr ] U = 0, (13) 

g Js h r K b Isr -2h s I h r K d J rs = 0, (14) 
-U s g It ^d J Tt h s J g Ii -g It g Js bj tT = 0. (15) 

2.2 Supersymmetry and field equations 

It has been shown in [1] that the supersymmetrization of the non-abelian vector/tensor 
gauge system is essentially unique and determines the equations of motion 3 . According 



5 Generically certain projections of the Yang-Mills fields may remain off-shell. 



3 



to M = (1,0) supersymmetry, the vector fields are embedded into off-shell vector 
multiplets {A r , A"', Y 1 ^}, while the tensor fields become part of an on-shell self-dual 
tensor multiplet {B 1 , The three-form tensor fields C iU/pr do not represent 

new dynamical degrees of freedom and do not introduce additional superpartners. The 
general supersymmetry transformation rules are 

5X ir = i T^J^e* - \ Y i ^e j + -^f^e' , 
SY ljr = -e ( V^uA i)r + 2h r ! e {i X j)I , 



^ = ex 1 



1 .. „ , r .- 1 



g Ir AC^ pr = -g Ir bj rs ei,u P X s ^ ■ (16) 

They are obtained from the free field transformation rules by covariantizing and adding 
terms proportional to h r j etc. such that the supersymmetry algebra closes on the fields 
of the tensor multiplet, provided these fields in addition satisfy the field equations 

nil— jl \ r ^/ \ s 

YD aX U = ^-d'rsr^X* + 2d\ s Y^\) + (d'rsh'j - 2b Jsr g Is ) J A iP , 

- 2 (b Jsr g Is - 8d T rs h s j) \ r X J - 3 d* r8 h r jh a K <P J 4> K ■ (17) 

The minimal conditions for supersymmetry to close on these equations are given by 
the following equations for the Yang-Mills multiplet: 

g Kr b Irs (Y* <P J - 2%j } ) = , 
9 Kr birs {T%# - 2 ^X 1 ) = h 9 Kr ^ XpaT , 

+ lh s j( j> I xt + idl v rK*V) ■ (is) 

These are not standard field equations in the sense that they generically induce further 
constraints on the fields, as we will discuss below for specific examples. In addition 
certain projections of the auxiliary Yang-Mills field are undetermined by these 
equations such that the corresponding multiplet remains off-shell. 

A stronger version of these equations is given by the above equations without the 
contraction with the tensor g Kr . However, in order that these equations close under 
supersymmetry the inclusion of a four-form gauge potential is necessary. We refer to 
[1] for the details. Next we discuss models which provide an action, in a certain sense, 
in which case one encounters equations that are not contracted with the g Kr tensor. 
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2.3 Models admitting an action 



The field equations described above can be derived from an action (modulo the standard 
subtleties for the construction of six- dimensional actions for self-dual tensor fields, cf. 
[12, 13]), if the parameters satisfy a number of further constraints: 

h r i = Vu9 Jr , hrs = 2r]jjd J rs , rju d 1 ' p[q d J ' Ts) = 0, (19) 

with a non-degenerate symmetric metric r\u . The Lagrangian is given by 

- ^K^r - ^b Irs ni up av p a - - \bir^ xvv + b In Y% \ is x jI 

+ g (bjs r gi s - 4b Isr g/) ct) I X r x J + gb Irs gfg K s ^(p J ^ K - ^£ top 

-^6/„6 J ««A r y t A B A a 7 At A w , (20) 

where the topological term £ top was described in [1]. For the tensor multiplet, this 
action has to be supplemented with the first-order self-duality equation 

H^vp = — ^ s A r 7 AtJ/p A s , (21) 

to be imposed after having derived the second-order equations of motion, just as in the 
democratic formulation often-dimensional supergravities [14]. 4 

For the Yang- Mills multiplet the equations of motion take the form of (18), but 
the first and the last equation occur without the contraction with the g Kr tensor. In 
addition, from the variation w.r.t. the gauge field one obtains the second-order equation 

b Irs D v (0 7 ^ - 2A S 7 ^ X 7 ) = {^D^ - 2x I l, X J ) X rIJ - 2<f> I b Ipq X rs * X^X* 

12 blrs ^fiupXar J~ ^ H ^ (^^) 

which can be obtained as the covariant derivative of the uncontracted duality equation 
for the two-form and four-form field strength in (18), see [1] for more details. 

The scalar kinetic term in the action (20) turns out not to be positive-definite. In 
order to see if ghosts might appear as physical states and destroy unitarity a com- 
plete analysis of the huge (tensor) gauge symmetry and the associated constraints is 
necessary. In addition, the equations of motions can imply further constraints and 
eliminate (ghost) degrees of freedom. A priori the action contains also a cubic and 
thus unbounded scalar potential, if the multiplying invariant tensor structure exists for 
the considered group and representations. Such a non-positive potential is consistent 
with supersymmetry exactly because the model might have ghost states. For the case 
that the potential does not exist, its vanishing can be taken as an indication that it 
might be possible to remove the ghost states consistently from the physical spectrum. 

Alternatively, this self-duality can be implemented by using a non-abelian version [15] of the 
Henncaux-Tcitelboim action [12] that breaks manifest space-time covariance. 
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The kinetic matrix of the Yang- Mills multiplet, K rs = <//6/ rs , shows that the La- 
grangian definition of the models is useful only in the conformal broken phase, where 
the scalar of the tensor multiplet assumes a non-vanishing vev, which acts as an in- 
verse Yang-Mills coupling. However, the kinetic matrix (K rs ) = (<j) I )bi rs may have null 
directions in which requires further analysis. 

Similar structures as the couplings of (20) have appeared in generic 6d supergravity 
theories and the discussion of conformal fixed points in six- dimensional gauge theories 
[16, 17, 18, 19, 20, 21, 22]. 

We conclude with a presentation of the super conformal symmetry transformations 
[23]. Denoting the fields in the theory by $ = ((f) 1 , Bj^, x\ A^, Y ij , A r , C^ pr ), the 
conformal transformations are given by 

<5 C $ = £ 5 $ + A D ft$ , (23) 

where £g is the Lie derivative with respect to the conformal Killing vector defined 
by <9( At £j/) = ^rjfj, u , which also defines Q, and Ad is the Weyl weight for $ given by 
(2,0,5/2,0,2,3/2,0). The Lie derivative for the fermionic fields \& = (x I ,X r ), in par- 
ticular, takes the form = + |(9 At ^7 M1/ \l/. The conformal supersymmetry 
transformations, on the other hand, involve conformal Killing spinors, consisting of 
a pair (r] + ,ri_) that satisfy d^ri + — ^J^r)- = 0. The superconformal transformations 
take the form of supersymmetry transformations in which the constant supersymmetry 
parameter e is replaced by r/ + , and the parameter 77 _ arises only in 5 v _x I = —\(\> I r\-- 
Note that the bosonic conformal transformation together with supersymmetry ensures 
the full superconformal symmetry since the commutator of a conformal boost with 
supersymmetry yields the special supersymmetry generator [24]. 



3 Solving the generalized Jacobi identities 

Consistency of the non-abelian vector/tensor gauge system is encoded in the set of 
constraints (9) - (15) which generalize the standard Jacobi identity of pure Yang-Mills 
theory. At first sight these equations appear quite intractable, but some non-trivial 
solutions have been found in [1, 25]. Several of them are based on the group-theoretical 
considerations of gauged supergravity theories in six dimensions which can be employed 
to derive particular solutions to the system of constraints. 5 In this section, we will 
reduce the system (9) - (15) by an explicit choice of basis which allows to exhibit the 
underlying structure and construct a rather large class of solutions. 

For an arbitrary matrix h r i, we can choose a basis in the space of vector and two- 
form tensor fields according to a split A 7 ^ — y and B^J — > {B^^, B fjtu a }, 
such that the matrix h r j takes diagonal form 



/ h ab ' 








) 


V h ab ' 


h\ J 




o 


K J 



(24) 



This does not necessarily imply that the resulting superconformal models can be embedded into 
supergravity. 



6 



with indices a = 1, . . . ,rkh and indices a, and a' labeling the complement of the spaces 
of vector and tensor fields, respectively. In this basis (11) is solved by 



9 ~ y g aa g ab J ~ y Q q J j W 

with arbitrary blocks g a ' a , g a / b . In this basis the constraints (12) - (13) translate as 
follows: the components are the structure constants of a Lie algebra g, satisfying 
standard Jacobi identities. Moreover, we find that 

f ab c = 0, f ab a = 0, / o / = 0, f aa b = -\(T a ) a \ (26) 



and 



d c a b — , d b aa — - {T a )a , (27) 



where T a are the generators of the Lie algebra g in some representation 1Z, i.e. 

[T a ,7>] = / a /T 7 , (28) 

with dimension dim 1Z = rkh . From (14), it further follows that 

9a ,r b b ra = 0, 2d c > ab = g/ b bra . (29) 

while equation (15) states that the matrix g Ir is gauge invariant under the action of 
the generators (7). Together, we deduce that the generators (7) take the form 



K = { 7 J * a) y ap ) , x: = o , (so) 

in the vector sector, and 

yT _ { ~gb' r b a ra \ y T _ a /oi\ 

°> ~ \ Orl n rU (rp \ b I 5 ^ a ~ U 5 \° 1 ) 

\ ^ a b'aa—9b' °ara [ 1 a)a J 

in the tensor sector. The Jacobi identity (8) reduces to 

[Xq-jX/j] = f a ff X y . (32) 

To summarize, we have reduced the original system of constraints (9) - (15) by an 
explicit choice of basis without any loss of generality and the result is given by (24) - 

(29) , where all non- vanishing tensors are invariant under the action of the generators 

(30) and (31), forming the Lie algebra g with structure constants / Q( g 7 . 



4 The class based on semi- simple Lie algebras 

Under certain additional assumptions, we can explicitly solve the remaining constraints 
and obtain a large class of solutions. Specifically, we will restrict to the case of a semi- 
simple Lie algebra g and non-trivial representations T a . In this case, by proper choice 
of basis, the matrices X a from (30), (31) can be taken to be block-diagonal, i.e. 

fa0 h = = d b a f3 , Zdb'aa = 9b ,r b a ra , (33) 
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and the generators take the form 

Y v _ ( -fa/3 1 \ T _ ( {T' a ) a v 

Xa ~ { (T a ) a h J ' K ~ { (TV 6 ) 



-a/a 



with the matrices (T^) a ' y = —gb ,r b a ' ra describing another representation 1Z! of g . The 
representation 1Z' can be only of a few different types: According to (25), a non- 
vanishing g Ir requires the representation 7Z' to contain the adjoint representation of g 
or the representation contragredient to 1Z. For vanishing g Ir on the other hand, the 
form of (31) shows that the representation 7Z' is trivial. In the following, we discuss 
separately these three cases. 

4.1 Type I: W is trivial 

This is the case, the matrix g Ir vanishes identically and according to (19) the corre- 
sponding model does not admit an action. In addition, there are no Stiickelberg-type 
couplings among two- and three-form tensor fields, and the constants bi rs are g in- 
variant but otherwise unconstrained. To define a minimal model in this category we 
shall thus set bi rs = 0. In this case the only non- vanishing components of the g, h, f, d 
tensors are 

fai' , h a b = 51 , f aa = —— (T a ) a , d aa = - (T a ) a , d c i a p = d c irj a p , (35) 

where / Q/ 3 7 and 7] a p are the structure constants and Cartan-Killing form of a semi-simple 
Lie algebra q, respectively, and d c / are arbitrary constants. As the 3-form potential 
Cfiupr does not couple to the rest of the system, we shall set it to zero. The resulting 
model has the fields 

{A% X ia , Y'n , {A% X ia , Y^ a , B; v , x ia , <P a ) , (36) 

and a set of gauge singlet tensor multiplet fields (-B^w , Xa'> 4>a') where the indices 
(a, a, a') label the adjoint representation, an irreducible representation 1Z and singlets 
of g, respectively. The field equations for the singlet tensor multiplet of fields are 
precisely those described long ago in [26], and as they do not involve the fields of the 
tensor- YM multiplet, we shall leave them out and refer to the resulting model as Type 
I. 

The explicit bosonic field strengths arising in the Type I model are 6 

F% = — (T a ) b a A^A b ^ + B^ v = B^ v , 

H% p = SD [im B: p] . (37) 
The supersymmetry transformations of the off-shell YM multiplet are 

8A« = -e^W 

5Y ija = -e ( V£>M AJ> > ( 38 ) 



6 In the particular case, when 1Z is the adjoint representation, this gauge structure was considered 
in [25]. 
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and those of the tensor- YM multiplet are 



50 a = e X a , 
6B« V = 2e 1[ ,D u] \ a -e 1 , uX a , 

^yua = _^ 7 f j D M A j)a + 2e ( V > - (39) 
The field equations for this model are 

D"D^ <f) a = (T a ) b a (—B^F"™ + 2 Y*>Y ija - 4A (b $A a) + 8AV) • (40) 

With the described choices for the invariant tensors this system closes under super- 
symmetry without any on-shell condition for the vector multiplets, see (18). Hence, 
the Type I model does not determine the complete dynamics of the system and either 
supersymmetric equations of motions for the Yang-Mills multiplets should be imposed, 
or they should be treated as background fields. However, for groups/representations 
which allow for non- vanishing tensors bi rs supersymmetric equations for the Yang- 
Mills multiplets might be obtained in the context of extended models [1], given by the 
uncontracted version of (18). See also the comments below (18) and around (22). 



4.2 Type II: 1Z' is in the adjoint representation 

Taking 1Z' in the adjoint representation implies that gp a = 5^ and gp = 7 . In this 
case the only non- vanishing components of the g, h, f, d, b tensors are 8 

Ub _ xb r/3 f 7 f & _ __ fy ^ b 

11 a <J a l ifot u a i Jcnf) i J aa ^ \- L aJa > 

jb \ trp \ b j j j h a h 

Ul aa 2 \ a/a i tJ 'af}"j > ^aab ^ ^afib i u bj > u alrj 

b^ '^a faj^ ) b^ a b ) b a p a 2,dp aa , b aa b 2,d aa b , b ca b . (41) 

The undetermined tensors d a pj, d aa b, d a pb etc. exist only for very particular choices 
of q and 71. As the 3- form potential C^ ypa decouples from the rest of the system we 
shall set it to zero. Thus, the fields of the model, which we shall refer to as Type II, 
are those listed in (36) together with 

(42) 



7 The case in which also 1Z is the adjoint representation is included in the type III models described 
below. 

8 For 1Z = 0, this corresponds to the example discussed in section 3.6 of [1]. 
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The field strengths, supersymmetry transformations and field equations for the fields 
(36) remain exactly as in the previous section on the Type I model except that the 
adjoint Yang-Mills multiplet is no longer off-shell. The explicit description of the Type 
II model also requires similar equations for the additional fields listed in (42). These 
equations can be read off from the general expressions given in (16), (17) and (18) by 
inserting the data summarized in (41). In the simplest case when all undetermined 
tensors in (41) vanish the additional supersymmetry transformations become 

1 -1 

A Y * — ~» V P <tj A i _ n A e i 

48 'Lpvpat i ^ I ^rcit 

AB^ ua ^fiuX i 

AC^ upa = -fpaH^ypX 13 ^, (43) 

while the equations of motion are 

U; upa = , -fDrxL = -Vpc? ^ , D»D„ <\> a = -2/^X7 ( 44 ) 

and 



(45) 

Here we can see explicitly the subtleties in the Yang-Mills sector alluded to earlier. 
From the first equation it is clear that the auxiliary field is not completely fixed, 
it can for example be shifted by a multiple of <ft. This implies that some of the Yang- 
Mills fields remain off-shell. The fact that there are also constraints implied by these 
equations is easily seen by contracting this equation with <p a which gives 

//j« 7 ^Agx 7 i)=0. (46) 

This constraint eliminates some of the physical degrees of freedom. Such constraints 
have to be taken into account when studying the dynamics and degrees of freedom. 



4.3 Type III: 1Z f is in the contragredient representation to 1Z 

The remaining case corresponds to taking 1Z' in the contragredient representation to 
TZ, and therefore set g a a = and g b = S b . This is the only case, in which an action 
is possible (in the sense discussed above) and we will right away restrict to the case 
when the compatibility conditions (19) are satisfied as well. In that case the metric i] IJ 
on the tensor sector is given by a matrix with the off-diagonal blocks rj a b = rj b a = 5 b . 
Taking into account (19), we deduce that the only nonvanishing components of the 
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tensors g, h, /, d, b are 



ib jrb b jrb r 7 r b _ ^ Irp \ b 

"a "a 1 9a "a 1 J a/3 1 Jaa ^ K^a/a 1 

dabc d(abc) 1 d a ba d(ab)a 1 d a f3^ , d a a ~^(T a ^a 1 

b a ba = b a a b = {T a )b a 1 b a ba = b a ab = 2(_( a fc) Q , bbca = 2rf( a fec) , b a /3-y = 2d a (p 7 ) . 

(47) 

In particular, upon imposing these symmetry properties of d a b c and d a b a , the last equa- 
tion of (19) is automatically satisfied as a consequence of g-invariance. Specifying a 
model within this class thus corresponds to choosing a Lie algebra g with a represen- 
tation 7Z, and the g-invariant tensors 

d(abc) , d(ab)a 1 d a (Py) ■ (48) 

Again, such tensors only exist for very particular choices of g and 7Z . In the following, 
we will present more explicitly the vector /tensor gauge system corresponding to this 
solution of the consistency constraints. An interesting and straightforward generaliza- 
tion of this solution would be the inclusion of abelian gauge factors and possible gauge 
group singlets among the vector and tensor fields. 

As the 3-form potential Cp, vpoi decouples from the rest of the tensor- YM system, we 
shall set it to zero. With this understood, we shall refer to the model defined by (47) 
as Type III. Its field content consists of the multiplets listed in (36) and the additional 
fields 

ififiv ai 4*0.1 Xai ^pvpa) ■ (^9) 

The explicit non-abelian field strengths are those given in (37) and 

%l = ^n r R , _L.fi ,7 A r f) A s — Of s rl A r A p A q 4- H =C 

i^pvpa — u - Ly [p J -'h>p\ a ~ ^ rs - r> -^p u u- rL p\ ^Jpq "a r s {p u p] ' ^pvpa — ^pupa i 
^plpua = W^C vpa ] a - 6 daapJF^JF ^ - 12 da^T^JB^ - 6 dabcB^Bp^ . (50) 

By construction, B'L, and C^ vpa are invariant under tensor gauge transformations and 
transform covariantly under non-abelian vector gauge transformations. By eliminating 
A a and B^a from the theory, we have thus changed the structure of the tensor gauge 
algebra, similar to choosing the unitary gauge in the standard Higgs effect. While this 
may not be the right formulation for a consistent quantization of the theory, it allows 
to illustrate the distribution of degrees of freedom in this model. 

Let us finally note that after the redefinitions, the only appearance of the constant 
tensors (48) in the vector/tensor gauge system, is in the definition of the field strength 
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The action for the Type III model takes the explicit form 

- ~ cr {+) (d,b: p + i (T Q ) 6 a A« 7 ^A 6 ) - i d ars d^ p x^oy 

- \ dirs^ a vV + 2d Irs yt. y s x jI - \{T a ) b a d ars x r r\ a \ s ^x b 

+ l - (T a ) a b x a (rxb - 40a a ) - 3d aba rx a x b - 3cu#Ay + \d abc r<PV 

+ ^ VpXaT B % (<W F&FSr + d aba F^f„ + ^ a6c B^B^ . (51) 

Sums over indices r, s still need to be split according to A r — > {A Q , A a }, T T —> {F a , B a }, 
etc. 

Note that only the self-dual part of the field Cp Vpa appears in the Lagrangian and 
acts as a Lagrange multiplier for the self-duality equation 

{D [fl B a up] y = - l -{T a yX a lilvp X b , (52) 

which constitutes half of the additional first-order equations (21). The other half of 
(21) determines the anti-self dual part of Cp Vpa to be 

C-p\vpa = —darsX 7, ~ffj,upX S ■ (53) 

Since the ant i- self- dual part Cjw pa does not show up in the action (51), we can impose 
(53) as its definition in all previous formulas. Therefore we find that in contrast to 
the general Lagrangian (20), the explicit Lagrangian (51) for this particular model 
implies all the field equations without the need to impose additional first-order duality 
equations by hand! 

In this model, the supersymmetry transformation rules are those given in (38), (39) 
and 

S(f) a = eXa , 

<% = ^ a <T> e* + \ ^D^J - \d ars ^X" ej,X s , 

SC^ pa = -3 e l[pyD p] Xa ~ 6 d ars 7\ pv e^ p] X s - 2d Ias ej^pX 3 ^ 1 . (54) 

In fact, the relevant part of the last transformation is the projection onto its self-dual 
part, while its anti-self dual part just describes the transformation of (53) into the field 
equation of Xa ■ 

It is worth noting that the cubic scalar potential of (51) contains at most half of 
the scalar fields and is entirely triggered by the gauge invariant tensor d abc . Moreover, 
the different (i-tensors exist only for particular choices of the Lie-algebra q and repre- 
sentations 1Z. It is therefore natural (and consistent) to consider generic models where 
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we set all <i-tensors to zero. In that case the action simplifies to 

C = -\D^ a D,<p a - Xal'D^ + \{T a ) h a <t>a (B^F""" - 4Y*Y* a + 8A V^V a) ) 

- i [T a ) b a F^ v X b Y v Xa + 2(T Q 3$ A lc V a + \ (T a ) a b X a (^Xb ~ ^X a ) ■ (55) 

The tensor field equations for the multiplet in the representation TZ are the same as 
in (40). For the tensor multiplet in the contragredient representation TZ' one obtains, 

Cfcj a = 0, $x\ = -2(7» a 6 A^6 , I>^0 o = -2(^) a 6 A^ 6 . (56) 

This implies that the three- form C^ upa may be considered as a self-dual auxiliary form. 
In the Yang-Mills sector, for example the auxiliary field equations become 

(T a ) a b (y« ^ - 2\%Xj) b ) = , (T a ) a b (Y$ <j> b - 2%i) 6 ) = . (57) 

The equations for the Yang-Mills multiplet again imply algebraic conditions on the 
physical fields, analogous to (46), which might eliminate some of the degrees of freedom. 
We leave a more careful analysis of these issues for the future. 

Let us finally give the supersymmetry transformation rules in this minimal case. 
They are those given in (38), (39) together with 

= % , 

Sxl = ^Ctilal^^ + ll^J 
SC^pa = -3e~f[ pu D p] Xa - (T a ) a b e^ pup \ a (f) b . (58) 

5 Conclusions 

We reviewed the construction of a general class of six- dimensional (1,0) superconformal 
models with non-abelian vector and tensor multiplets as given in [1]. The formulation 
of the non-abelian tensor gauge symmetry relies on a tensor hierarchy for one-, two and 
non-dynamical three forms. Here, in particular, we solved for the case of semi-simple 
groups the generalized Jacobi identities (15) of the various invariant tensors that appear 
in the tensor hierarchy. 

The allowed tensor and vector multiplets are characterized by two representations 
TZ and TZ' of the Lie algebra q, and its adjoint representation. This corresponds to 
the decomposition r = (a, a) and / = (a', a) of the respective indices, as given above 
(24). For a given representation TZ the various models are classified by the possible 
representations TZ'. Denoting the vector and tensor multiplets by V = (A^, A\ Yy) 
and T = ( B^v, 0, x % ) the respective models and their field and representation content 
is summarized in table 5. The non-dynamical three-form is denoted by C. 
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class 


W 


content 


dynamics 


parameters 


Type I 


triv. 


v a , (v a , r a ), r a > 


e.o.m. 


d a ', bl rs 


Type II 


adj. 


v a , (T a ,c a ), (v a ,r a ) 


e.o.m. 


rl h a 

^ars, U by, 










babe, baby, b^ ab 


Type III 




V a ,(V a ,T a ),(T a ,C a ) 


action 


dabc, dafiy, d a by 



Table 1: The three types of models for semi-simple groups. The possible representations 
TZ' are the trivial, the adjoint and the to TZ contragredient representation. 

Besides the structure constants fap 1 of the Lie algebra q, the parameters of the 
different types of models are the various undetermined invariant b- and ci-tensors in the 
respective representations. For the type III models the <i-tensors have to be symmetric 
in indices of the same kind. If some of these tensors exist for certain groups and 
representations they allow for additional interactions but they can also be consistently 
set to zero. An interesting case is given by the type I model, for which the Yang-Mills 
multiplets are off-shell for vanishing fe-tensors. However, in the case of non-vanishing 
fe-tensors supersymmetric equations of motions are determined also for the Yang-Mills 
multiplet, as discussed in the main text. 

For the type III models the equations of motions can be derived from an action, 
contrary to the two other classes of models. In all models we used a field redefinition 
(or classical gauge) that absorbs the vector in the representation TZ into the two-form, 
i.e. (A a , B® ) B a , such that <6" is invariant under tensor gauge transformations. 
Similarly, a three-form C^ upa invariant under tensor gauge transformations has been 
defined. 

Given the hitherto lack of non-abelian models in six dimensions the very existence 
of these models provide new and very intriguing structures that deserve more study, 
and it is clear that there are several open questions that one still has to address. 

The action in the case of the type III models has non-positive definite kinetic terms 
in the vector and the tensor sector. It will require further work to understand the fate 
of the resulting ghost states and if one can find a mechanism to decouple them. In the 
analysis of physical degrees of freedom one also has to take into account the algebraic 
constraints that are implied by the equations of motions of the vector multiplets. 

Perturbatively the models are defined only in the conformal broken phase, where 
the vev of the tensor multiplet scalar acts as an inverse Yang-Mills coupling constant. 
However, null-directions in the kinetic term for the vector fields implies that the fields 
of the corresponding vector multiplets become non-dynamical. 

It remains to be investigated how much of the presented structures can be carried 
over to (2, 0) theories. As a first step in this direction, the inclusion of hypermultiplets 
to the (1,0) models has been briefly discussed in [1]. Adding tit hypermultiplets with 
flat target space completes the present field content from (1,0) to the (2,0) theories, 
in addition to the vector multiplets and the three-form potentials. Although there 
is no propagating (2, 0) vector multiplet, the present construction in (1,0) models has 
illustrated the possible relevance of the inclusion of non-propagating degrees of freedom. 

Of great relevance is the study of possible M-theory backgrounds for M5-branes 
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that lead to (1,0) supersymmetry and charged tensor multiplets. In general such 
backgrounds will be singular spaces, which would also provide propagating vector fields 
as we have encountered them in our analysis. 

A pending question is of course the quantization of the models, and the fate of the 
conformal symmetry at the quantum level. Last but not least, the study of anomalies 
in the generalized gauge symmetries of the models we have presented here is of great 
interest. 

Finally we want to mention some relations to our results that appeared in the 
literature. For example, the analysis of amplitudes for six-dimensional tensor and 
vector multiplets [27] produced a number of interaction terms that we find also in our 
models and recently a very interesting connection with seven-dimensional non-abelian 
Chern-Simons theories has been discussed [28]. 
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